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Abstract 

Quasiclassical generalized Weierstrass representation for highly corru- 
gated surfaces in with slow modulation is proposed. Integrable de- 
formations of such surfaces are described by the dispersionless modified 
Veselov-Novikov hierarchy. 

1 Introduction 

Surfaces, interfaces, fronts and their dynamics are the key ingredients in a num- 
ber of very interesting phenomena from hydrodynamics, growth of crystals, 
theory of membranes to the string theory and gravity (see e.g. [1-5]). The 
most of the papers on this subject and results obtained have been concerned 
to a smooth case. On the other hand, irregular, corrugated surfaces also have 
attracted interest in various fields from the applied physics, technology to the 
pure mathematics (see e.g [6-13]). 

In the present paper we propose a Weierstrass type representation for highly 
corrugated surfaces with a slow modulation in the three dimensional Euclidean 
space M^. It is the quasiclassical limit of the generalized Weierstrass represen- 
tation (GWR) for surfaces in introduced in [14,15]. This GWR was based 
on the two-dimensional Dirac equation and it allows to construct any surface in 
K^. The hierarchy of the modified Veselov-Novikov (mVN) equations provides 
us with the integrable deformations of surfaces [14,15]. 

The quasiclassical GWR is based on the quasiclassical limit of the Dirac 
equation. It allows us to construct surfaces in with highly oscillating (cor- 
rugated) profiles and slow modulations of these oscilations characterized by a 
small parameter s = where 1 and L are typical scales of oscillations and mod- 
ulations, respectively. In the lowest order in e the coordinates [j = 1,2,3) 
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of such surfaces are of the form 



A{ez, ez) exp —2i 
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where z and z arc the conformal coordinates on a surface, A and B some smooth 
functions and S is a solution of the eikonal equation. The corresponding metric 
and mean curvature are finite functions of the slow variables ez,ez while the 
Gaussian curvature is of the order e^. 

Integrable deformations of such corrugated surfaces are induced by the hier- 
archy of dispersionless mVN equations . These deformations preserve the quasi- 
classical Willmorc; functional (Canham-Helfrich bending energy for membranes 
or the Polyakov extrinsic action for strings (see e.g. [3,4]). The quasiclassical 
limit of the Gauss map and Kenmotsu representation for surfaces in of above 
type are discussed too. 

2 Generalized Weierstrass representation for sur- 
faces in 

The generalized Weierstrass representation (GWR) proposed in [14.15] is based 
on the linear system ( two-dimensional Dirac equation) 



where \1/ and $ are complex -valued functions oi z,J £ C (bar denotes a complex 
conjugation ) and p{z,z) is a real-valued function. One defines three real- valued 
functions X^z,z),j = 1,2,3 by the formulae 



Jt 

where F is an arbitrary contour in C. 

Theorem 1 [14,15]. For any function p{z,z) and any solution ('9,^) of the 
system (2.1) the formulae (2.2) define a conformal immersion of a surface into 
with the induced metric 



(2.1) 




(2.2) 



ds^ = u^dzdz', 



(2.3) 



the Gaussian curvature 



K = ^{\ogu)^-z, 



(2.4) 
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mean curvature 

H = 2-, (2.5) 
u 

and the Willmore functional given by 

W'^= JJ W^[ds] =Ajj p^dxdy, (2.6) 

where u = l^*]^ + and z = x + iy. 

Morever, any regular surface in can be constructed via the GWR (2.1), (2. 2). 

Integrable dynamics of surfaces constructed via the GWR (2.2) is induced 
by the integrable evolutions of the potential p{z,z,t) and the functions 
with respect the deformation parameter t. They are given by the modified 
Veselov-Novikov (mVN) hierarchy [14,15]. The simplest example is the mVN 
equation 



3 3 

Pt + Pzzz + Pzzz + 3i^Pz + 3aJpj + -piVz + -puJ^ = 0, 

= (p2), (2.7) 

while "if and $ obey the system of linear equations 

3 

*t + "bzzz + ^zzz - 3pz$z + 3a;*z + -w^* + 3pa;$ = 0, 

$t + "^zzz + "^zzz + 3w$^ + 3p2*2 - ZpUj^ + ^u;^^ = 0. (2.8) 

The mVN equation (2.7) and the whole mVN hierarchy are amenable to the 
inverse spectral transform method [16,15] and they have a number of remarkable 
properties typical for integrable 2+1-dimensional equations. Integrable dynam- 
ics of surfaces in M"^ inherits all these properties [15]. One of the remarkable 
features of such dynamics is that the Willmore functional W (2.6) remains in- 
variant (Wt = 0) [17,18]. In virtue of the linearity of the basic problem (2.1) 
the GWR is quite a useful tool to study various problems in physics and math- 
ematics (see e.g. [18-21]). 

A different representation of surfaces in has been proposed in [22] . It is 
based on the following parametrisation of the Gauss map 

G = (l-/2,i(l + A2/), (2.9) 

where f{z,z) is a complex- valued function. Then the Kenmotsu representation 
of a surface is given by [22] 



X{z,z) = Re (^J riGdzi^ , (2.10) 
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where the function r] obeys the compatibiHty condition 



(iog^)^=-^^q^. (2.11) 

The Kcnmotsu representation (2.9)-(2.11) and the GWR (2.1), (2.2) are 
equivalent to each other. The relation between the functions (/, rj) and (\1/, $) 
is the following [17,18] 

f = ^^,V^^^^ (2.12) 

while 

Both the GWR and Kenmotsu representations have been widely used to 
study properties of generic surfaces and special classes of surfaces, in particular, 
of the constant mean curvature surfaces. 



3 Quasiclassical Weierstrass representation. 

In this paper we shall consider a class of surfaces in which can be character- 
ized by two scales 1 and L such that the parameter £ = -jj <C 1. A simple example 
of such a surface is provided by the profile of a slowly modulated wavetrain for 
which 1 is a typical wavelength and L is a typical length of modulation. Theory 
of such highly oscillating waves with slow modulations is well developed (see 
e.g. [1,23]). Borrowing the ideas of this Whitham (or nonlinear WKB) theory 
we study surfaces in for which the coordinates X^, X^, have the form 

X\z,z) = Y.^e-F:i^^^^,ez,e^, i = 1,2,3 (3.1) 

where S = (5^,5^,5^) and are smooth functions of slow variables ^ = 
ez, ^ = ez and the small parameter e is defined above. The arguments ^ in 

describe a relatively fast variation of a surface while the rest of arguments 
correspond to slow modulations. 

There are different ways to specify functions F^ . Here we will consider one 
of them induced by the similar quasiclassical (WKB) limit of the GWR (2.1), 
(2.2). 

Thus, we begin with the quasiclassical limit of the Dirac equation (2.1). 
Having in mind the discussion given above, we take 



oo 

P = ^e"pn{ez,ez), 

n=0 
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iS{sz,sz) \ , _s 

^ n=0 

where 5, are smooth functions of slow variables ^ = ez,^ = ez and 

5 = 5. Substituting (3.2) into (2.1), one in zero order in s gets 




^55*0-^0*0 = 0, 
Po*o + «5|^$o = 



while in the order s one has 



+Pi^o, 



'01 
0? 



■pi*o- 



(3.3) 



(3.4) 



The existence of nontrivial solutions for the system (3.3) implies that S 
should obey the equation 



det 



i5{ -po 
Po iSj- 



= -SiSj + pl = 0, 



(3.5) 



or (C = ^1 + ^^2) 

Sl+Sl=4pl, (3.6) 

i. e. the Hamilton- Jacobi equation for the two-dimensional classical system with 
the potential 4pQ or the eikonal equation with the refraction index 4pg . 

From equations (3.3) and (3.5) it follows that \S^\ = = po and |\l/o| = 

|4>o|. Equations (3.4) imply the i5|-(1'o4 - Pi^o) = Po($o| + Pi*o)- 
Using the differential form of the formulae (2.2), i.e. 



{X^ + iX^)^ = i^ ,{X^ +iX'^)_=-i^ ,x| = -*$, 
one concludes that the coordinates X^ have the form 

X^+iX^ = Y,e"Ar,{sz,ez)exp(-^^^^^^ 

X^ = -^£"B„(£^,£J) 



(3.7) 



(3.8) 



n=0 



where A„ and i?„ are smooth functions. In the lowest order in e one has 



^°-"25^-2;%'^°«-"*°*°- 



(3.9) 



Note that both the expressions for Aq are equivalent to each other due to equa- 
tions (3.3) and (3.5). 
Thus, we have the 
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Theorem 2 . The quasiclassical GWR provides us with the highly corrugated 
(oscillating) surfaces with slow modulations for which the coordinates have the 
form (3.8) where the function S is a solution of the eikonal equation (3.5) and 
in the lowest order the functions Aq and Bq are given by (3. 9), (3. 3). In the 
limit £ one has the following principal contributions to the metric 

ds"^ = A\^Q{ez,ez)f dzd;z = ^ d£,dZ (3.10) 

mean curvature _ 

Ho{a)= (3.11) 

2|*o(€,^| 

the Gaussian curvature 

Ko = -e^- ^3(log|*o|).|, (3.12) 

|*o(^,^| 

and the Willmore functional 

Wo = 4 JJ^pliez,ez)dxdy = ^ JJ^ pUU)d^id^2, (3-13) 

where is the resettled domain G{x = = ^). 

One can refer to surfaces in given by the formulae (3.8)-(3.13) as the 

quasiclassical surfaces. They represent a subclass of surfaces of the type (3.1). 

We note that, in virtue of (3.6), the Willmore functional Wq is just the 
Dirichlet integral 

= (3.14) 

So, due to the Dirichlet principle (see e.g. [24]) the problem of minimization 
of Wo is equivalent to the Dirichlet boundary problem for the harmonic function 
in the domain Gg. For surfaces with all p„ = 0,n = 1,2,3... . the formulae 
(3.13) and (3.14) give us not just the asymptotic expressions for the Willmore 
functional at e ^ , but the exact one. 

The quasiclassical analogs of surfaces of constant mean curvature and sur- 
faces with H^/det g = 1 (see e.g. [18]) correspond to the constraints po = 2 |^'o|^ 
and 4po|4'o|^ = 1 > respectively. In the very particular case pi = and 
^-i = 4>i = one has = 0, = 0, i.e. *o = *o(0,^o = *o(0- Conse- 
quently, the formulae (3.3), (3.8)-(3.13) generate developable surfaces {Kq = 0) 

with the metric dsQ = ^^0(^^0(0^^*^^ which after the reparametization 

du! = 2'I'Q(^)(i^ becomes ds^ = -pdwdw: 
Now let us consider the quasiclassical limit of the Kenmotsu representation. 
In virtue of (2.12) one has 
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/ = /exp 



2iS{ez, ez) 



e 



.'2iS{£z,£zy . 

7] = rjexp (3.15) 



where 



n=0 



V 



71=0 



and /o = i^,ho = i^Q and so on. Using (3.15), one gets the quasiclassical 

Gauss map 

and, finally, the quasiclassical Kenmotsu representation 

X = Re m d^'mlOW,lO {f-'e"^ - /e-^, i(7-ie^ + /e"^), 2) | , 

(3.16) 

which , of course, is equivalent to the quasiclassical GWR (3.8). 

Quasiclasical versions of the GWR's for surfaces in the 4-dimensional [25,26,21] 
and higher dimensional spaces can be constructed in a similar manner. 



4 Integrable deformations via the dmVN hier- 
archy. 

Deformations of quasiclassical surfaces described above are given by the disper- 
sionless limit of the mVN hierarchy. To get this limit one, as usual (at the 1+1- 
dimensional case, see e.g. [27]), assumes that the dependence of all quantities 

on t is a slow one, i.e. p = p(ez, ez, et), S = S{ez, ez, et) and so on. At the first 
and second orders in e equation (2.7) gives (r = et,Lj = J2n=o^"''^n{£^^^^'^^)) 

3 3 

Pot + 3a;oPo^ + 3a^Po| + 2^'o'^o« + 2^°'^ol ^ ^' 

'^of = iPDi (4-1) 

and 

piT + SloiPo^ + 3woPi{ + 3a7oPi| + 3a7iPo|+ 

3 3 
+-^Pi{i^oi + Wo|) + 2^0(^11 + Wi|) = 0, 

= 2(poPi)€. (4.2) 
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In the lowest order equation (2.8) is 



Mo ( ) = 0, (4.3) 



where 

( i{Sr-Sl-Sl + 3ZJoSj), 3poiOo \ 

^'-[ -SpouJo, i{Sr - SI -SI + BcooS^) ) ^^■^) 

With the use of (3.5) the condition det Mq = assumes the form 

(^Sr - Si - S'l) (^Sr - Si -Sl + 3u;oS^ + 3cJoS^) = 0, (4.5) 

Equation (4.1) is the dispersionless hmit of the mVN equation (dmVN equa- 
tion). It is equivalent to the compatibility condition of the linear systems (3.3) 
and (4.3). In a similar manner one constructs the whole dmVN hierarchy. 

This hierarchy generates the integrable deformations of the quasiclassical 
surfaces described in the previous section via the r- dependence of po,Pi,^o, 
ect given by equations (4.1)-(4.5) and so on. These integrable deformations are 
very special from the geometrical viewpoint. Indeed, the dmVN equation (4.1) 
implies that 

{pI)^ + 3{luopI)^ + 3{luopI)^^0. (4.6) 
So, for periodic or rapidly decaying at |^| oo functions po and wq one has 

Wor = ^ ff {Pl),d^xd^2 = ^- (4-7) 

One can show that the Willmore functional (or Dirichlet integral (3.14)) 
is invariant under the whole dmVN hierarchy of deformations as well. One may 

suggest that the quasiclassical limit of the higher mVN integrals . discussed 
in [28], will provide us with the higher geometrical invariants for quasiclassical 
surfaces. 

The formula (4.6) indicates also an interesting connection of the dmVN 
equation with the other known dispersionless equation. Indeed, denoting p\ = u, 
one has 



Ur + 3 (uiqu)^ + 3 (wom)|- = 0, 



u^. (4.8) 



It is the dispersionless VN equation introduced in [29,30]. The dVN equa- 
tion is equivalent to the compatibility condition for the two Hamilton-Jacobi 
equations 

Si:S^-U = 0, 

Sr - Si - Si + 3looS^ + BlJoSj = 0. (4.9) 
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These equations show that the whole theory of the dVN hierarchy can be 
developed without any reference to its dispersive version. Within the quasi- 
classical d— dressing method the dVN hierarchy has been studied in [31] in 
connection with the problems of nonlinear geometrical optics in the so-called 
Cole-Cole media. In order to apply the results obtained for the dVN hierarchy 
to the dmVN hierarchy one, due to the relation m = , should be able to select 
effectively the positive solutions of the dVN hierarchy. This problem and also 
the application of the d— dressing method directly to the dmVN hierarchy will 
be considered elsewhere. 

The quasiclassical d— dressing method is based on the nonlinear Beltrami 
equation for the function S in the auxuliary space of "spectral" parameter . 
This approach reveals a deep interrelation between the solutions of the eikonal 
equation (3.6) and the dVN hierarchy and the quasiconformal mappings on 
the plane [31]. One may suggest that the theory of the quasiclassical surfaces 
presented in the section 3 is closely related to the theory of quasiconformal 
mappings on the plane too. 
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